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Abstract. Given reduced amalgamated free products of C*-algebras {A,(f>) = (ylt, (/j^) and 
{Djili) = {Dl,iPl), an embedding A ^ D is shown to exist assuming there are conditional- 
expectation— preserving embeddings ^ Di. This result is extended to show the existence 
of the reduced amalgamated free product of certain classes of unital completely positive maps. 
Finally, analogues of the above mentioned results are proved for amagamated free products of von 
Neumann algebras. 



Introduction. 

The reduced free product construction, and more generally the reduced amalgamated 
free product construction for C*-algebras, introduced independently by Voiculescu [21] and 
(somewhat less generally) Avitzour [1], has received much recent attention. 

It is natural to ask: to what extent does the reduced free product construction satisfy 
universal property, analogous to those for the free product of groups or the full free product 
of C*-algebras? Since the reduced free product of C*-algebras frequently gives rise to simple 
C*-algebras, (see [1], [15], [10], [11] and [8]), it is clear that any universal property for the 
reduced free product should be quite a bit more restrictive in character than for the full free 
product; however, at first glance the following question still seems reasonable. 

Question 1. // 

is a reduced free product of C* -algebras, where the (pt, are states on the unital C* -algebras 
having faithful GNS representations, and if D is a unital C* -algebra with a state and with 
unital *-homomorphisms : A,^ ^ D such that 

(i) i/j o Ki, = 4>^ for every t G I, 

(ii) the family (^k^{A^)) is free with respect to i}), 

does it follow that there is a * -homomorphism k : A ^ D such that, denoting by : A^ ^ A 
the injective *-homomorphisms arising from the free product construction, k o = for 
every l I? (Note that k would necessarily be injective.) 

Note that the homomorphism k exists if and only if the GNS representation vr^ : — > 
L{L'^{D,ij;)) of V' is faithful when restricted to the subalgebra of D generated by (J^gj ^^(AJ 
As observed in [16, 1.3], the answer to Question 1 is "yes" if the state on is assumed to be 
faithful, (and a similar result holds in the amalgamated case). However, in general the answer 
is "no", as was shown by the elementary example [16, 1.4], (see also the erratum to [16]). 
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The main result of this paper is an embedding result (Theorem 1.3) implying that the 

*-homomorphism vr in Question 1 does exist provided that the free subalgebras tt^{A^) lie in 
free subalgebras of D that taken together generate D. Namely, we have the following property. 

Property 2. Let I be a set and for every l I let Q he a unital inclusion of unital 
C* -algebras. Suppose 0^ is a state on such that the GNS representations of cp^ and of the 
restriction cj)^ are faithful. Consider the reduced free products of C* -algebras, 

t.ei 

Then there is a *-homomorphism tt : A ^ D such that for every l e I the diagram 

D, ^ D 

U T TT 

A ^ A 

commutes, where the horizontal arrows are the inclusions arising from the free product con- 
struction. 

This property was previously known under the additional assumption that every is 
faithful, which by [9] implies that ijj is faithful on D; as noted after Question 1, this in tTun 
implies the existence of vr. Theorem 1.3 actually proves more generally a version of Property 2 
for reduced amalgamated free products of C*-algebras. Such an embedding result is frequently 
useful for understanding reduced free product C*-algebras; it has been used in [13] and several 
times in [12]. 

We should point out that M. Choda has in [7] stated a theorem about reduced free 
products of completely positive maps which is more general than Property 2. However, her 
proof is incomplete, as it implicitly uses the full generality of Property 2 without justifying its 
validity. 

In §1, the main theorem about embeddings of reduced amalgamated free products of C*- 
algebras is proved. In §2, Choda's argument proving the existence of reduced free products of 
state-preserving completely positive maps is generalized to prove existence of reduced amal- 
gamated free products of certain sorts of completely positive maps. In §3, we consider the 
reduced free product with amalgamation of von Neumann algebras and prove analogues of the 
results in §1 and §2 for von Neumann algebras. 

Acknowledgements.. Much of this work was done while K.D. was visiting the Institute 
of Mathematics of Luminy. He would like to thank the members of the Institute for their 
hospitality and for providing stimulating atmosphere during his visit. The authors would like 
to thank the referee for helpful comments. 

§1. Embeddings. 

In this section we prove the main embedding result. We use the same notation as in [12] 
for the reduced amalgamated free product construction. 

In the following lemma, with the reduced amalgamated free product of C*-algebras 
{A,(f)) = *^ we view each A,, as a C*-subalgebra of A via the canonical embedding 

arising from the free product construction. 

Lemma 1.1. Let B be a unital C* -algebra, let I be a set and for every l G I let A^ be a 
unital C* -algebra containing a copy of B as a unital C* -subalgebra and having a conditional 
expectation : A^ ^ B whose GNS representation is faithful. Let 



(A0)= * 
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be the reduced amalgamated free product. Then for every lq £ I there is a conditional expec- 
tation <I>tQ : A — > such that ^lo\a, = 4'^ for every i G /Vl'-o} 0''nd ^(,0(^1*^2 ••■ o„) = 

whenever n >2 and aj G A,^- H kcr 0^ . with i\ ^ L2, ■ ■ ■ , in-i 7^ ^n- 



Proof. We let E, = L'^{A,,(i),), = \^^ & E,, E, = © E°. Then A acts (by definition) on 
the Hilbert S-module 



E = ^B 



e 



E° ®B•••®BK■ 



n>l 

(■!,■■■ jf-nG-f 



Identify the submodule S,B © E°^ of ii^ with the Hilbert i?-module E^^ and let Q^^ : E ^ E^^ 



be the projection. Then ^^^(a;) = Q^qXQ^^ has the desired properties. 

□ 

Explication 1.2. Consider the GNS representation (u, L'^{A, <I>t„), ry) = GNS(yl, ^u„) associated 
with the conditional expectation <I>t„ : A A^^ found in Lemma 1.1. Since A is the closed 
linear span of B and the set of reduced words of the form 0102 • ■ ■ fln where aj G A^^ fl ker ^j,^ 
and Lj ^ ij+i, we see that the Hilbert A^^-module in the GNS representation is 



l2(A4,.)=A, 



E° 

1-1 



<-o- 



(1) 



n>l 



Moreover, the action a of A on L^(A, is determined by its restrictions cr|~^ , which are 
easily described. 

Let p : Ai,g — > iL(V) be a unital *-homomorphism, for some Hilbert space V. Then 
(7(8) 1 : A ^ L[L'^{A, <I>t„) ^pV) is a *-homomorphism; it is the representation induced, in the 
sense of RieflFel [19], from p up to A, with respect to the conditional expectation and we 
will denote this induced representation by p L"^. We have the following explicit description of 
p l"^, obtained by tensoring (1) with (gjpV on the right. Writing "K = L?{A, <^^^) ®p V we have 



© 



E° 
1-1 



V. 



(2) 



n>l 



■ 1 ^ii — 1 '^^n 



Moreover, the *-homomorphism o" ® 1 is determined by its restrictions 
given as follows. Consider the Hilbert spaces 



e:^®b---®bEI®pV 



if t 7^ to 



n>l 

ti,... ,t„e/ 



= < 



e 



®B ■ ■ ■ ®B ®p V 



if i = to. 



n>l 
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where r]^B is just the Hilbert B-module B with identity element denoted by rj^. If i G -f\{to} 
let 

W, : ^ ^ (3) 

be the unitary defined, using the symbol (8) to denote the tensor product in (3), by 

C ^ {ri^ ^ v) ( V 

<^ (Cl ® • • • ® Cn <8> Cl ® • • • ® Cn V 

C (Cl (8> • • • (8) Cn W) 1-^ C ® Cl • • • ® Cn «) V 

whenever v gV, ( £ E°, Q € E°. and <- 7^ ii 7^ <-2j • • • , ^n-i 7^ '-nj '-n 7^ '-o- Then for every 
L G Al'-o} and a G we have 

a,{a) = W,{a(^l:^^,))W:. 

Similarly, define the unitary 



by 



® (C^n ® (Cl • • • ® Cn ® t')) ^ Cl ® • • • ^ Cn ^ 

e (C ® (Ci • • • ® Cn «) v)) 1-^ C ® Ci • • • ® Cn ® 



Then 



,(a) = {p{a) (a0 1^(,„)))T^*. 



Note that the above description is related to the construction of the conditionally free product, 
due to Bozejko and Speicher [5], (see also [4]). 

Theorem 1.3. Let B C. B be a (not necessarily unital) inclusion of unital C* -algebras. Let 
I be a set and for each l E I suppose 

l^^e B C A, 

u u 
e B c A, 

are inclusions of -algebras. Suppose that 4>i, '■ ^ B is a conditional expectation such that 
4>l{Ai_) C B and assume that and the restriction ^Aa, have faithful GNS representations, 
for all i £ L. Let 

{A,4>)= 

be the reduced amalgamated free products of C* -algebras. Then there is a unique *-homo- 
morphism k : A ^ A such that for every l E I the diagram 

A ^ A 

U T K (4) 

A, ^ A 
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commutes, where the horizontal arrows are the inclusions arising from the free product con- 
struction. Moreover, k is necessarily injective. 

Proof. Since A is generated by [J^^^A^, it is clear that k will be unique if it exists. Let 1 

denote the identity element of B and let p be the identity element of B. lip ^ 1 then we may 
replace B by B+C{l—p) and each by A^+C{l—p)] hence we may without loss of generality 

assume that B is a unital C*-subalgebra of B and thus each A^ is a unital C*-subalgebra of 

A, . Let 

(^,J„|,) = GNSK>,), 
(7r„E„ej = GNS(A,0J 

and 

The inclusion A^ ^ A^ gives an inner-product-preserving isometry of Banach spaces ^ 
sending to .^^ , and we identify E^ with this subspace of E^ and thereby E° with the subspace 
of E° . This allows canonical identification of the tensor product module 

®B---®B El_^ ®B El ®5 ■ ■ ■ ®5 El 

with a closed subspace of ^° ig)^ • • • El . Hence, we may and do identify E with the 
subspace 

iB® EI®b---®bEI 

n>l 

1-1, ■■■ ,l"n(il 

of E. Let 21 = (*_B)^gjAt be the universal algebraic free product with amalgamation over 

B. Let o" : 21 — > ^{E), respectively 5 : 21 ^ ^{E), be the homomorphism extending the 
homomorphisms tt,, : A^ ^ ^{E), respectively vftfA^ • ~^ ^{E), (i G /). In particular, we 
have cr(2l) = A. In order to show that k, exists, it will suffice to show that 

VxG21 < ||c7(x)||. 

Note that the subspace of £^ is invariant under 5(21) and that the restriction of a(-) to E 
gives a. This implies 

Vxg21 > ||(7(x)||, 

which will in turn imply that k is injective, once it is known to exist. Let r be a faithful 

representation of -B on a Hilbert space W. Consider the Hilbert space (g)^ W and let A : 
£(£') L{E(g)r W) be the *-homomorphism given by X{x) = a; 1-w- Then A is faithful, and 
hence it will suffice to show that 

Va;G2l ||Ao5(x)|| < ||(7(a;)||. (5) 

Our strategy will be to show that A o cf decomposes as a direct sum of subrepresentations, 
each of which is of the form [^) o a, where u is the *-representation of A induced from 
a representation v of some A^. 



6 



Given n > 1 and , 6„ with ii 7^ i-2,-- - ji-n-i 7^ '-nj and given p G {1,2,... ,n}, 

consider the Hilbert space 

£° ®B • • • ®B K,^ El^^ 0^ • • • ®^ ®r W = 

def f K ^B---^B El_^ El ®^ El^^ El ®r W\ 

V e El ^B---»B El_^ ®B El ®B El^, ®B---^B K wj 

Heuristically, K,, takes the place of E^Q E^, even when the latter does not make sense. Then 

^(g), w = (^®, w) e Ei(^B--- Ei_^ ^bK,^^bK+i^b---'^b K ®r w. 

n>l 

ti,... ,L„ei 

pe{l,2,... ,n} 

As mentioned earlier, a{'Ql)E C and a{-) \b = o-{-), so E^t-^^W is invariant under A o 5^(21), 
and _ 

Since tt^{A^)E^ C. E^,it is not difficult to check that for every n > 1 and for every ii, . . . ,Ln G / 

with il ^ i2, • • • ,in-l ¥= '-n, 



W(.i, . . . , i„) ''=1' A o ?(2l)(ir,, ®^ ®5 • • • ®^ «>r W) = 

= iK.,^BK<^B---^BK®r^^) © 

e El ®B---^B El K,, ®^ ^° ■ • • ®5 W. 

4,... ,t'^e/ 

Thus 

E0,W= W)© W(ii,... 

n>l 

(•1,... ,L„e.i 

hence in order to prove the theorem it will suffice to show that for every choice of . . . i„, 

VxGSt l|Ao2f(^)rw(.„...,oll ^ 11^(^)11- 

But letting V = 0^- • -(gj^i?"^ (gj^W, letting!/ : ^ £(7) be the *-homomorphism 

v{a) = (vft^ (a) (g) 1^0 ®b---®bE° w) I^V) a^^d appealing to Explication 1.2, it is straightforward 
to check that _ 

where v is the representation of A induced from u with respect to the conditional expectation 
: A A^^ found in Lemma 1.1; this in turn implies (6). 

□ 
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Remark 1.4- Let us consider for a moment Theorem 1.3 when the subalgcbra B over which we 
amalgamate is the scalars, C. When taking the reduced free product {A, cj)) = *^ (A^, (p^) of 

C*-algebras, one usuaUy requires the states to have faithful GNS representation. However, 
one could extend the construction to the case of completely general states 4>i.'i one then obtains 

* = * (K/ker7rJ,0J, 

where tTj, is the GNS representation of 0(, and where 0^ is the state induced on the quotient 
At/kerTTt by Thus the canonical *-homomorphism A^ ^ A has the same kernel as tt^. 

As a caveat, wc would like to point out that with this relaxed definition of reduced free 
product, (allowing with nonfaithful GNS representation), the statement of Theorem 1.3 
does not in general hold. Indeed, if for some tG/^t = C®C with 0^ non-faithful, if 
A^ = M2(C) with a unital embedding A^^ and if (j),^ is a state on M2(C) such that 

4>\a = then A,^ ^ A is not injective, while ^ ^ is injective. This shows that there can 
be no *-homomorphism k : A ^ A making the diagram (4) commute. However, there is no 

problem allowing the (p^ to have nonfaithful GNS representations, as long as the restrictions 
(?!)(, are taken with faithful GNS representations. 

§2. Completely positive maps. 

M. Choda [7] gave an argument which, when combined with an embedding result like 

Property 2, proves that if 9^ : A^ ~> is a unital completely positive map between unital 
C*-algebras for every <, G /, if p^ and are states on A^ and respectively D^, each having 
faithful GNS representation, and if i/j^o6^ = cp^ then letting 

be the reduced free products of C*-algcbras, there is a unital completely positive map : 
A ^ D such that 9 = 9^ for every i G /, and such that 9{aia2 ■ ■ ■ an) = 9{ai)9{a2) ■ ■ ■ 9{an) 
whenever aj G A^. n ker (j)^. for some ij G / with ti ^ L2, - ■ ■ , in-i f-n- 

In this section, we generalize this argument of Choda's to the case of reduced amalgamated 
free products of C*-algebras. The generalization consists of, in essence, replacing Stinespring's 
dilation theorem for completely positive maps into bounded operators on a Hilbert space by 
Kasparov's generalization [17] to the case of completely positive maps into the algebra of 
bounded adjointable operators on a Hilbert S-module (see alternatively the book [18]). We 
would like to point out that Theorem 2.2 is quite similar in appearance to analogous results 
of F. Boca [2], [3] about completely positive maps on universal amalgamated free products 
of C*-algebras. However, the universal and reduced free products of C*-algebras are quite 
different in character, and we do not believe that Boca's results can be used directly to prove 
Theorem 2.2. 

Lemma 2.1. Let A and B he C* -algebras, let E and E be Hilbert A-modules, let F and 
F be Hilbert B-modules and let v G Zj{E,E), w G Zj{F,F). Suppose tt : A ^ ^{F) and 
TT : A —>■ ^{F) are *-homomorphisms and suppose that 

yaeA G F w{Tr{a)0 = ^a)w{0- (7) 

Let E (gjjr F and E ®w F be the interior tensor products. Then there is an element v ^ w G 
L{E 0^ F, E (8)5f F) such that 



VCgF V^GF {v(^w){C®0 = {vC)®{wi). 
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//, moreover, {v{C),v{C)) = (C,C) for every C, e E and {w{^),w{^)) = (^,0 for every ^ e F 
then {v (8) w{r]),v 'w{r])) = {r], rf) for every rj E E F. 

Proof. That t; ® if is bounded is a standard argument (compare p. 42 of [18]). Then one sees 
{v iSi w)* = V* iSi w* . The final statement follows using the polarization identity. 

□ 

Theorem 2.2. Let B be a unital C* -algebra, let I be a set and for every i ^ I let and 
be unital C* -algebras containing copies of B as unital C* -subalgebras and having conditional 
expectations 4>i, : B, respectively tp^ : B, whose GNS representations are faithful. 

Suppose that for each l G I there is a unital com,pletely positive map 6^ : A^ ^ that is also 
a B-B bimodule map and satisfies -01 o 0^ = (/)^. Let 

{A,cl>)= * 

(£>,(/>)= * (A,V'.) 

be the reduced amalgamated free products of C* -algebras. Then there is a unital completely 
positive map 6 : A ^ D such that for all l E I the diagram 



A,, 



-0. 



D, 



B 



A- 



-e- 



commutes, where the vertical inclusions are those arising from the free product construction, 
and satisfying 

d{aia2 ■ ■ ■ a„) = ^(01)^(02) • ■ ■ e(a„) (9) 
whenever aj G A^. n kercf)^^ and ti 7^ t2; '-2 7^ '-s, • • • , i-n-i 7^ 

Proof. Note first that the assumptions imply that each 6^ is the identity map on B. Let 
(7r„£;„C.) = GNS(A,V0, iE,0= *iE,,Q. 

(We will usually write simply dQ instead of TT^{d)(, when d £ D^, and ( G E^.) Recall that then 
E^ = ^^B © E'^, that the action tt^ \q leaves E° globally invariant, and that 

E = ^B® E^^^b---^bEI. 

n>l 

Ll,--- ,L„G.I 
(-l#(-2,--- ,(-n,-l#tn 

Consider the Hilbert i?-module F^ = A^ ®-K,oe, E^ and the specified element r/^ = 1 © .^^ G . 
Since 9^ restricts to the identity map on B, in we have b'S)C = 1 ® (^C) every b £ B and 
C & E. Consider the unital *-homomorphism ai, : Ai, —>■ ^{Ft,) given by 

Va',aGA VC G F, a,{a'){a <^ () = (a'a) ® (, 

(cf. page 48 of [18]). Consider the map pi, : ^^{F^) B given by p^{x) = {r]^,xr}i). If 

X G 'Ci(Ft) and if 61,62 G B then ((Tt(fei)xcJt(62)) = bip^{x)b2. If we use to identify B 
with CF^{B) C L{F^) then we have that p^ : li{F^) B is & conditional expectation. Clearly 
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= and the GNS representation of is faithful on -C(FJ. We have that 
Pi, o = 4>^ since 

P. o (7,(a) = (1 ® ^„ a ® = (C„ 0.(a)^,) = V. o ^,(a) = .^,(a). (10) 

Let 

(M,p)= * (£(Fj,p,) 
be the reduced amalgamated free product of C*-algebras. Note that M C where 

{F,r,)= *(F„r7j. 

By Theorem 1.3 there is a *-homomorphism a : A ^ M. such that o"!"^ = a^, (l € /). 

Consider the operator : ^ given by ^ 1 (X) C) ^-nd note that {vXjvX) = (C) C) 
for every ^ G -Et, hence ft(-E'°) C F°. A calculation using e.g. Lemma 5.4 of [18] shows that 
there is a bounded operator F^ E^ sending a to 9^{a)C,, which is then the adjoint of 
Hence v,^ € L{Ei,F^), and clearly v*v^ = 1. Since 9^ is a left i?-module map, we have for every 
b e B and C, ^ that v^{hC) = 10 {hC) = h® C, = h{v^{C,)). Therefore, taking direct sums of 
operators v^^® ■ ■ ■ ® v^^ given by Lemma 2.1, we get v G L{E,F) such that {vC,,vC,) = {CO 
for every £ E, = r] and 

v(Cl ® C2 ® ■ • ■ «) Cn) = (^^.iCl) K2C2) ® • • • {v,^Cn) 

whenever Q e E°,, ti, . . . ,t„ € and 7^ tj+i. Let : ^ — ^ 'C'(-E^) be the unital completely 
positive map 6{x) = v*a{x)v. 

We will show that (8) commutes and and that (9) holds, which will furthermore imply 
that e{A) C D. In order to show (8), let w, : E ^ E,fS)B E{i) and y, : F F,®b F{i) 
be the unitaries used in the free product constructions to define the inclusions ^ A 
and, respectively, 'C(-F't) ^ M. Note that Vi^[E{i)^ C F{i) and that y^v = {v^ ® v\ ^(^i^-^)wi,. 
Furthermore, observe that for a E and C E^, 

«a,(aK)C = <(a®C) = e.(a)C- 

Hence for a E A^, 

9{a) = v*a{a)v = v*a,{a)v = v*y*{a,{a) (g) lF(i.))yLV = 

and thus (8) holds. Now to show that (9) holds, consider aj € A^. fl ker for some Lj G / 
{1 < j < n) with ij 7^ ij+i- It is easy to see that 

d.Aai) ■ ■ ■ ^.„K)C = CK) ® • • • ® eZiZ) = ^^^^ 

= v*{{ai®i,^)®---®{an® = e{ai ■ ■ ■ a^)^. 

Now consider an element Ci <S) ■ • • <^ Cp ^ -^^ where Q G E^, for some kj G I with kj 7^ kj-^-i. 
Let Pq : -E' — C-^ be the projection and for ^ G N let 

Pf.E^ E^^®.-.(E)E,^ 
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be the projection. Taking adjoints and using (11), we see that 

Po^.i(ai) • • • ^.Jon) (Ci (8) • • • ® Cp) = ^0^(04 ■ • • an)(Ci ® • • • Cp)- 

Now letting £ € N we will use standard techniques (see, for example, [14] and [12]) to show 
that 

P^e,^ (ai) • • • (an)(Ci • • • O Cp) = PtO{ai • • • an)(Ci ® • • • ® Cp)- (12) 

If ^ > n + p ox I < \n — p\ then it is clear that both sides of (12) are zero. If ^ = n + p then both 
sides of (12) arc zero unless i„ 7^ ki, in which case a calculation similar to (11) shows that (12) 
holds. Let Q° : ^ E° and R° : ^ F° be the projections, and note that R°Vi, = v^Q°. 
Consider when n + p — £ = 1. Then both sides of (12) are zero unless tn = ki, in which case 

PAi(ai) • • • d.^MiCi ® • • • (8) Cp) = 

= MoT) (8) • • • ® ^.„r^K-i) (8) Q°„ i0,„ (a„)Ci) C2 O • • • ® Cp 

= <((oi ® e.J ® • • • ® (fln-i 8' <e..-J 8) i?°„(a„ Ci) ® (1 ® C2) <8 • • • (8 (1 Cp)) 

= P^^(ai---a„)(Ci® ■••(8Cp) 

If p + n — ^ = 2r + 1 for r G {1,2,... , min(p, n) — 2} then both sides of (12) are zero unless 
'-n = ^1) '"n-i = k2, ■ ■ ■ , Ln-r+i = kr, in which case 

PAi(ai)---^.Ja„)(Ci® •••(8Cp) = 

= 6*^1 (Ol) 8) • • • (8 0c„-r-i (an-r-l)<8 

8) Q°„_(0,„_,(a„_^)(C, 0,_^^,(a„_^+i) • • • e.„(o„)Ci 8) • • • ® Cr)Cr+i)<8 

<8 Cr+2 81 • • 



^'ti (oi) <8 • • • (8 (a„_^_i)(8 

® (^^„-.(an-r)(eZ>;) ® • • • ® ^.„_.^^_,+l), Cl ® • • • ® Cr)Cr+l)c 

8) Cr+2 8) • • • 8> Cp 



s^'Ti — r — 1 ^ 



t;* ^(ai (8 Cti) <8 • • • <8 (a„-r-i <8 Ct. 
® ^r„_.(^.„-.K-r)• 
• <^.„ «) • • • <^.„-.+i «-r+l)^, (1 Cl) ® • • • ® (1 ^ Cr)>(l ® Cr+l)) < 

(8 (1 <8 Cr+2) <8 • ■ ■ (8 (1 (8 Cp)) 

((Ol <8 ) • • • ® (Ctn-r-l <8 )<8 
^ K„_.(^.„-.(«n-r) • 

• (?y, o-,„_^+,(a„_^+i) • • •C7,„(a„)(l 8) Ci) 8) • • • 8) (1 (8 Cr))(l (8 Cr+i))( 
(8 (1 <8 Cr+2) <8 ■ ■ ■ (8 (1 (8 Cp)) 

PeO{ai---an){Ci^-- 
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A similar calculation shows that (12) holds also when n + p — I = 2 min(p, n) — 1. 

\i n + p — I = 2r is, even for r G {1, 2, . . . , min(p, n) — 1} then both sides of (12) are zero 
unless Ln = ki, in-l = +1, in which case 

PAi(ai)---e.„(a„)(Ci0---«)Cp) = 

= 6*11(01) (X) ••• 6',„_^(a„_r)® 

(X) (C, (On-r+l) • • • ^'t, (an)Cl ® " " " (8) Cr)Cr+l® 

^ Cr+2 (8) • • • <8) Cp 

= 61,, (ai) (g) • • ■ (g) 6l,„_^ (a„_^)(8) 

<8> Cr+2 (8) • • • <8) Cp 
= t'*((ai(g)^,J® •••«)(a„_^®^,„_J® 

® <??, (^L„-r+i (fln-r+l) • • • (T,„(a„) ((1 ® Cl) ® • • • ® (1 ® Cr))>(l ® Cr+l)® 
(8) (1 (g) Cr-+2) • • • <8) (1 <8> Cp)) 

= P^e(ai---a„)(Ci® •••0Cp)- 

Similar calculations show that (12) holds also when p + n — i = 2 min(p, n). This finishes the 
proof of (9) , and of the theorem. 

□ 

§3. Amalgamated free products of von Neumann algebras. 

This section contains results for amalgamated free products of von Neumann algebras 
that are analogous to those for C*-algebras found in §1 and §2. The free product of von 
Neumann algebras with respect to given normal states was defined by Voiculescu in [21] and 
has been much studied. See also Ching's paper [6], where the free product of von Neumann 
algebras with respect to normal faithful tracial states from a certain class was first defined. 
Wc begin this section by describing the "folklore" construction of amalgamated free products 
of von Neumann algebras (with respect to normal conditional expectations onto a von Neu- 
mann subalgebra). We are grateful to the referee for pointing out this simplification of the 
construction we originally gave. 

Construction 3.1. Let i? be a von Neumann algebra contained as a unital von Neumann subal- 
gebra of von Neumann algebras A^, {t E I). Suppose there are normal conditional expectations 
: ^ B. The amalgamated free product of von Neumann algebras, which we will denote 

{A,4>)= *(A,'/'J, 

is constructed as follows. Let 

(A,^) = *iA,,(l),) 

be the C*-algebra reduced amalgamated free product. Let ^ be a normal state on B with 
faithful GNS representation and consider the state il)o(p on A. Let vr^oc^ be the GNS represen- 
tation of A associated to ipoip, let A = 7ry,o(^(A)" C £(L^(yi, o ip)) and thereby regard A as 
a weakly dense subalgebra of A. The Hilbert space projection L'^{A,ip o ip) ^ L'^{B^ij)) gives 
rise to a normal conditional expectation (p : A ^ B whose restriction to A is if. It remains to 
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see that the pair {A, (p) is independent of the choice of V'- If V'' is any normal state on B then 
the state ijj' o Lp oi A extends to the normal state -0' o of A. Hence it^io^{A)" = 7r^'o<^(^) is 
a quotient of A. Thus (A, (j)) is independent of the choice of -0. 

Remark 3.2. In the above construction, we have A C L{E) for the Hilbert 5, 5-bimodule 
E = L'^{A, (f). The GNS Hilbert space L'^{A, il^ o (p) is canonically isomorphic to the internal 
tensor product E ®t^^ L^{B, if)), where tt^ : B —>■ Si{L'^{B, ijj)) is the GNS representation of 'i/', 
and the representation vr^oi^ is given by 7r^o<^(a) = o <8) 1 G L{E ^^^^ L^{B, tp)). We will later 
use this picture in proofs. 

Following Rieffel [20, 5.1], if A and B are von Neumann algebras, if is a Hilbert B- 
module and if 6 : A ^ ^{E) is a completely positive map, we say that 9 is normal if for every 
Ci)C2 £ E, the map A3 (("i,0(a)C2) € B is normal. This coincides with the usual notion 
of normality when B = C (in which case is a Hilbert space). It is clear that if B is a von 
Neumann subalgebra of a von Neumann algebra A having a normal conditional expectation 
(f) : A ^ B then the GNS representation of A as bounded adjointable operators on the Hilbert 
S-module L'^{A,(f)) is normal. 

Part (i) of the following straightforward lemma was proved in the case of a *-homo- 
morphism by Rieffel as part of [20, 5.2]. 

Lemma 3.3. Let A and B be von Neumann algebras, let E be a Hilbert B-module and 
suppose that 9 : A ^ ^(E) is completely positive map. Let 'Ji be a Hilbert space and let 
T : B XL(Jf) be a norm,al * -representation. Let 1 denote the completely positive m,a,p 
A3 7r(a) ®1 ^ L{E ^r'^^) of A into bounded operators on the Hilbert space E ®r !K. We 
have: 

(i) if 9 is normal then ® 1 is normal; 

(ii) if 9 ® \ is normal and if r is faithful then 9 is normal. 

Proof, li C,i,C,2 ^ E and vi,V2 ^"K then 

(Ci ®vu{9® l)(x)(C2 ® ^^2)) = (i^i, r((Ci, 9{x)C,2))v2). (13) 

If 9 is normal then (13) shows that 9 ® 1 is continuous from the a{A,A^) topology on A to 
the weak-operator topology on li{E ®t "K), which implies (g) 1 is normal and proves (i). 

If ^ (g) 1 is normal then (13) shows that x ^ t{{(i,9{x)(2)) is normal. Assuming also r is 
faithful, it follows that 9 is normal. 

□ 

The following application of Lemma 3.3(i) is in [20, 5.2]. 

Lemma 3.4. Let B be a unital von Neumann subalgebra of a von Neumann algebra A with 
a normal conditional expectation $ : A — > S. Let t be a normal * -representation of B on a 

Hilbert space "K. Then the induced representation, r , ofr to A with respect to the conditional 

expectation <& is normal. 

Proof. By definition, and in the notation of Lemma 3.3, 
where tt is the GNS representation of A on L^ {A, $) . 

□ 

Lemma 3.5. Let A, Bi and B2 be von Neumann algebras and let Ej be a Hilbert Bj -module 
(j = 1,2). If 9 : A —I- L{Ei) and a : i?i — >■ L{E2) are normal completely positive maps, then 
the completely positive map 9 ® \ : A^ ^{Ei iSia E2) is normal. 

Proof. Let t : B2 ^ £(?{) be a faithful normal *-representation of B2 on a Hilbert space 
"K. Applying Lemma 3.3 in succession we find that cr 1 : Bi L{E2 ®t ^) is normal, 
9 ® I ® I : A ^ L{Ei ®„ E2 ®T 'y<-) '^s normal, and thus 9 ®l : A L{Ei ®„ E2) is normal. 

□ 



13 



Lemma 3.6. Let B be a unital von Neumann algebra, let I be a set and for every l £ I let 
be a unital von Neumann algebra containing a copy of B as a unital von Neumann subalgebra 
and having a normal conditional expectation (j)^ : ^ B whose GNS representation is faithful. 
Let 

be the reduced amalgamated free product of von Neumann algebras. Then for every lq € /, there 
is a normal conditional expectation : A — > A^^ such that = (p^ for every l G -^Vito} 

and (aia2 • • • o„) = whenever n>2 and aj G A^. n ker with ii 7^ t2, • • ■ , ^n-i 7^ '-n ■ 

Proof. Let V be a normal faithful state on B and let r = tt^ : S ^ be the associated 

GNS representation. The construction of A can be realized on the Hilbert space E 0^- "K. 
The projection : E — > E^^^ from the proof of Lemma 1.1 gives rise to the projection 
Qio ® 1?< • E !K ^ E^g 5{, compression with which provides a normal positive linear 
map Q^^ : A ^{E^^ ®t Let A^^ : ~^ '^(Elo ®t ^) be the GNS representation 
A,g ^ ii{E,J followed by the inclusion ii{E,^) 3 x x 1:^ G ^{E,^ (g)^ Then 
maps a weakly dense *-subalgebra of A into the image of A^^ , hence maps all of A there. Let 
= A~^ o Q^^ . The desired properties of <E>(,g are easily verified. 

□ 

Here is an embedding result, analogous to Theorem 1.3, for amalgamated free products 
of von Neumann algebras. 

Theorem 3.7. Let B C B be a (not necessarily unital) inclusion of von Neumann algebras. 
Let I be a set and for each l E I suppose 

1^ G B C A, 

U U 

e B c A, 

are inclusions of von Neumann algebras. Suppose that 4>l '■ A^ ^ B is a normal conditional 
expectation such that C B and assume that and the restriction 4>i.\a, have faithful 

GNS representations, for all l & I. Let 

(I,0)= * 

{A,<p)= *{A,4>,\^J 

be the amalgamated free products of von Neumann algebras. Then there is a unique normal 
^-homomorphism k : A^ A such that for every i E I the diagram 

A, ^ A 

U T K (14) 

A ^ A 

commutes, where the horizontal arrows are the inclusions arising from the free product con- 
struction. Moreover, k is necessarily injective. 

Proof. This is very much like the proof of Theorem 1.3, to which we refer in detail. Assume 
without loss of generality that i? is a unital subalgebra of B. We now insist that r be a 
normal faithful representation of we must show that the algebra homomorphism Aoa : 21 ^ 
Zi{E W) extends to a normal representation of the von Neumann algebra A. But E^^-W is 
the direct sum of -E^rts ^^'^ various 'W(ii, . . . , The homomorphism Xoa restricted 
to E ®r\B extends to the defining representation of A. Let n > 1 and let ti, . . . , f.„ G / 
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be such that Lj ^ ij+i; we have the normal *-representation, /x, of A^^ on the Hilbert space 

i^u <8>^ ^(,2 <8>g ■ ■ • (8>^ -Et^ (g),- W, obtained from the normal representation of A^^ in Zi{E^^); 

let fi be the representation of the von Neumann algebra A on 'W(ii, . . . , t„) induced from /i 
with respect to the normal conditional expectation : A — > A^-^ found in Lemma 3.6; then 

\oa restricted to 'W(ti, ... , t„) extends to the *-homomorphism : A^ £(W(ti, . . . , 
which by Lemma 3.4 is normal. 

□ 

Here is the construction, analogous to Theorem 2.2, of free products of certain completely 
positive maps in the von Neumann algebra setting. 

Theorem 3.8. Let B be a von Neumann algebra, let I be a set and for every l E I let A^ and 
be von Neumann algebras containing copies of B as unital von Neumann subalgebras and 

having normal conditional expectations (p^ : A^ ^ B, respectively ip^ : ^ B, whose GNS 
representations are faithful. Suppose that for each t G / there is a normal unital completely 
positive map 6^ : A^ ^ that is also a B-B bimodule map and satisfies ip^ o 9^ = (f)^. Let 

be the reduced amalgamated free products of von Neumann algebras. Then there is a normal 
unital completely positive map : A —> D satisfying 

ytei e\^^=e, (i6) 

and 

e{aia2 ■ ■ ■ a„) = ^(01)^(02) • ■ ■ e(a„) (17) 
whenever aj G A^. n kercf)^^ and ti ^ L2, t2 7^ t-s, ■ ■ ■ , i-n-i 7^ t-n- 
Proof. Let 

{A,ip)= *(A„(t),) 
(2),p)= 

be the C*-algebra reduced amalgamated free products. Thus A and D are the closures in 
strong-operator topology of A and respectively D in the appropriate representations. We 
need only show that the unital completely positive map 6 : A ^ T) found in Theorem 2.2 
extends to a normal completely positive map 9 : A D. 

Consider, from the proof of Theorem 2.2, the Hilbert i?-modules = 

and {F,rj) = *^{F^,r]^), the *-homomorphism a : A ^ ^{F) and the bounded operator 

V G L{E,F); denote by iji the GNS representation of A on L'^{A,(p). Recall that cr is a 
free product of embeddings : yl^ — >■ Prom the proof of Theorem 1.3, and letting 

T = : B ^ £j{V) be the GNS representation of a normal faithful state fi of B, we see 
that the representation cr (g) 1 of A on F (gi^ V given by o 1— a{a) 1 splits as a direct sum, 
(7 (g) 1 = ^xe^i*^ ^ l)twx5 where each summand (cr (g) l)twA either a copy of iyi (g) 1 : 
A £;(L^(yi, if) V) or is the induced representation v oi a, representation v of some A^ 
on a Hilbert space, where u is the restriction to an invariant subspace of the representation 
a^®l : Ai^ ^ £j{Fi^ ®r V). The representation iyi 1 extends to a normal *-rcprcscntation of A 
as seen in Construction 3.1. Using Lemma 3.3 we see that cr^ 1 is normal; hence z/ is normal 
and by Lemma 3.4, i/ \^ extends to a normal *-representation of A. Hence a (g) 1 extends to 
a normal *-representation of ^, which we will denote by : A — > £(F g),- V). 

The isometry v G ^{E^ F) gives rise to an isometry v (S) 1 : E (^t ^ F (gir V . Letting 
if) : D ii{E) be the defining representation, by Remark 3.2 the weak closure of the image 
of (g> 1 : D — > £i(£^ (g),- V) is the von Neumann algebra D. Consider the normal unital 
completely positive map 9 : A —>■ il{E g)^ V) given by 9{x) = (i> (g) l)*a{x){v ig) 1). If a G A 
then 9 (a) = zi5(6'(a)) (g) 1. So ^ extends the map 9 : A ^ D; hence 9 (A) C D. 

□ 
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